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The present work deals with the wave dispersion behavior of a rotating nanotube using the nonlocal elas-
ticity theory. The rotating nanobeam is modeled as an Euler–Bernoulli theory. The governing partial dif-
ferential equation for a uniform rotating beam is derived incorporating the nonlocal scale effects. The
spatial variation in centrifugal force is modeled in an average sense. Even though this averaging seems
to be a crude approximation, one can use this as a powerful model in analyzing the wave dispersion char-
acteristics of the rotating nanobeam. Spectrum and dispersion curves are obtained as a function of rotat-
ing speed and nonlocal scaling parameter. It has been shown that the dispersive ﬂexural wave tends to
behave non-dispersively at very high rotation speeds. Understanding the dynamic behavior of rotating
nanostructures is important for practical development of nanomachines. At the nanoscale, the nonlocal
effects often become more prominent. The numerical results are simulated for a rotating nanobeam as
a waveguide. The results can provide useful guidance for the study and design of the next generation
of nanodevices such as blades of a nanoturbine, nanogears, nanoscale molecular bearings etc, that make
use of the wave propagation properties of rotating single-walled carbon nanotubes.
 2011 Elsevier B.V. Open access under CC BY-NC-ND license. 1. Introduction
Carbon nanotubes were ﬁrst observed and identiﬁed as such by
Iijima using transmission electron microscopy in 1991 [1]. As we
see, nanotubes are cylindrical molecules which may consist of sev-
eral concentric sheets of graphene (Multi Walled Carbon Nano-
tubes – MWCNTs). Since the discovery of Iijima, research on
carbon nanotubes has become a paramount activity. Their geome-
try was studied and it was observed that their diameter can range
from a few to hundreds of nanometers and their length from a few
to tens of micrometers [2]. The nanotubes are promising materials
in a number of new areas. These include molecular electronics
where the nanotubes can be used both for wiring and as electronic
devices after modiﬁcation of the nanotube itself. They can also be
used as parts of mechanical devices at the nanoscale such as the
shaft of nanomotors [3,4]. Moreover, their high strength and ﬂexi-
bility are exploited to reinforce materials such as cement. Many
production methods were developed such as the laser vaporization
method combined with transition metal catalyst [5] or the carbon
arc method [6]. Nowadays, dozens of companies are specialized in
the production of single- and multi-walled carbon nanotubes. They
can produce up to hundreds of grams of SWCNTs per day and1 99493 91823; fax: +91 40
nanduslns07@gmail.com (S.
nan).
-NC-ND license. hundreds of kilograms of MWCNTs. Forecasts predict that global
demand for nanotubes will expand rapidly [7]. Flat panel displays
for both computers and televisions will be the ﬁrst widely
commercialized application.
It was observed that there is a wide variety of carbon nanotubes
[2]. Their diameters vary between 0.7 and 10 nm, though most of
the observed tubes have diameters smaller than 2 nm. The length
of single-walled nanotubes goes from a few nanometers up to
20 cm [8]. Moreover nanotubes can be chiral or achiral. These
varieties of SWCNT’s come from the fact that the nanotubes are
constructed by the folding of a graphite plane on itself, and have
many ways of folding arise.
Recently, Kral and Sadeghpour [9] and Krim et al. [10] showed
the possibility to spin nanotubes with circularly polarized light,
further motivating the usage of nanotubes as possible axis of rota-
tion at the nanoscale. However, no systematic analytical and
numerical study of rotation has yet been done, except the work
of Zhang et al. [11], where nonequilibrium molecular dynamics
simulations were carried out to calculate the energy dissipation
rate during the rotational motion. In their work, the usage of the
thermostat would however add dissipation which is not intrinsic
to the system. In their work, simulations were performed by
Hamiltonian dynamics in the microcanonical ensemble, and in that
process they avoided additional sources of dissipation.
Because of future promising exploration of nanotechnology, fo-
cus is being put in the miniaturization of mechanical and electro-
mechanical devices. Attention is sought toward the development
Fig. 1. Carbon nanotube gears: molecular diagrams [17].
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in the nanometer realm with moving parts [13].Nanostructures
undergoing rotation include nanoturbines, nanoscale molecular
bearings, shaft and gear, and multiple gear systems. These nano-
structure machines are expected to receive considerable attention
in the near future.Researchers have thus reported the feasibility of
nanoscale rotating structures. Examples include study of molecular
gears [12], fullerene gears [14], and carbon nanotubes gears
[15,16]. Srivastava [17] has reported the rotational dynamics of
carbon nanotubes and carbon nanotubes gears under a single ap-
plied laser ﬁeld. A typical carbon nanotubes gear is shown in
Fig. 1. Lohrasebi and Tabar [18] carried out computational model-
ing of rotating nanomotor. Dynamics of the rotary nanomotor was
simulated using stochastic molecular dynamics (MD) method.
Zhang et al. [11] carried out atomistic simulations of double-
walled carbon nanotubes as rotational bearings. Recently Fenni-
more et al. [3] reported the feasibility of rotating nanostructures.
They showed the construction and successful operation of a nano-
scale electromechanical actuator. The rotating nanostructural sys-
tem consists of a rotatable metal plate, with a multi-walled carbon
nanotube serving as the key motion-enabling element. For efﬁcient
design of these rotating nanomachines,proper understanding of its
mechanical behavior such as bending, vibration, and buckling is re-
quired. The development of simpliﬁed models for the dynamics of
complex nano-technological systems is thus necessary. This is be-
cause for many cases, fully atomistic simulations would be compu-
tationally expensive and prohibitive.
The length scales associated with nanostructures like CNTs are
such that to apply any classical continuum techniques, we need
to consider the small length scales such as lattice spacing between
individual atoms, surface properties, grain size etc. This makes a
physically consistent classical continuum model formulation very
challenging. The Eringen’s nonlocal elasticity theory [19–21] is
useful tool in treating phenomena whose origins lie in the regimes
smaller than the classical continuum models. In this theory, the
internal size or scale could be represented in the constitutive equa-
tions simply as material parameters. Such a nonlocal continuum
mechanics has been widely accepted and has been applied to many
problems including wave propagation, dislocation, crack problems,
etc [22]. Recently, there has been great interest in the application
of nonlocal continuum mechanics for modeling and analysis of
CNTs. Nonlocal elasticity theory gives a good prediction for model-
ing the behavior of nanostructures. Literature shows that the
theory of nonlocal elasticity is receiving increasing attention for
efﬁcient analysis of nanostructures which include nanobeams,
nanoplates, nanorings, carbon nanotubes, graphenes and
microtubules.
Wave propagation analyses of CNTs are relevant due to their
various applications [23] which include sensing superconductivity,
transport and optical phenomena. The actual value of the fre-quency (THz in this case) does not justify the treatment of high fre-
quency analysis. It is the number of modes (i.e., the size of
wavelength) what matters, not the frequency value itself. In nano-
scale structures one does not expect small wavelength vibration
with frequencies going up to tens or hundreds of THz. Therefore,
the scientiﬁc need for spectral methods in the nano-scale is much
less compared to usual macro-scale structures. Lattice dynamics
for direct observation of phonons [24,25] and spectral ﬁnite ele-
ment type method are efﬁcient and consistent to analyze macro-
scale situation [26,27]. With these theories and method of analysis,
the present study brings out several interesting features of wave
propagation in rotating nanotubes.
Recently, there has been great work done on vibration analysis
of CNTS under rotation. Pradhan and Murmu [28], developed a sin-
gle nonlocal beam model and applied to investigate the ﬂap wise
bending-vibration characteristics of a rotating nanocantilever. Dif-
ferential quadrature method (DQM) was utilized and nondimen-
sional nonlocal frequencies were obtained. They also discussed
the effects of the nonlocal small-scale, angular velocity and hub ra-
dius on vibration characteristics of the nanocantilever. Murmu and
Adhikari [29], investigated the nonlocal effects in bending-vibra-
tion of an initially prestressed single-walled carbon nanotube via
nonlocal elasticity. The carbon nanotube was assumed to be at-
tached to a molecular hub and was undergoing rotation. They also
utilized the Differential quadrature method and the nonlocal bend-
ing frequencies of the rotating systemwere determined. The effects
of the initial preload on vibration characteristics of rotating carbon
nanotube were examined. Further, inﬂuence of nonlocal effects,
angular velocities, hub radii and higher mode frequencies were also
studied. There are some works done by the author [30–33] on the
wave propagation in nanotubes without rotation. So it is worth
looking into the wave dispersion characteristics of the nanotubes
under rotation, which are found as blades of a nanoturbine and also
important for practical development of nanomachines.
Regarding longitudinal vibration of nanostructures, Wang et al.
[34] explored the group velocities of longitudinal and ﬂexural
waves in single- and multi-walled carbon nanotubes (CNTs) within
the framework of continuum mechanics. The effect of microsize of
the structure was incorporated into the formulation of the problem
using the second-order gradient of strain and a parameter of
microstructure. It was revealed that the microstructure’s parame-
ter plays an important role in the dispersion of both longitudinal
and ﬂexural waves.
Furthermore, the proposed nonlocal models predicted that the
cut-off wave number of the single- and multi walled carbon nano-
tubes would be in the order of 2  1010 m1 for both longitudinal
and ﬂexural waves. Aydogdu [35] investigated free axial vibration
of uniform nanorods using nonlocal continuum theory of Eringen.
The results showed that the nonlocal rod model overestimates
the natural frequencies of the nanorod with respect to the classical
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vibration of nanorods using a nonlocal bar model. The obtained re-
sults indicated that small scale parameter of the nonlocal model
causes a certain band gap region in the longitudinal wave mode
such that no wave propagation would occur. This issue was shown
in the illustrated spectrum curves as the regions where the wave
number tends to an inﬁnite value. Recently, Filiz and Aydogdu
[36] explored axial vibration of hetero junction CNTs in the frame-
work of nonlocal continuum theory of Eringen. Effect of nonlocality
and lengths of both CNTs and their segments were also examined in
some detail. It was indicated that such nanotube structures could
be designed for the desired frequencies by changing the lengths
and the cross sections of the selected segments. Narendar and
Gopalakrishnan [33], studied the ultrasonic wave dispersion char-
acteristics of a nanorods based on Nonlocal strain gradient models
(both second and fourth order). They derived the explicit expres-
sions for wave numbers and the wave speeds of the nanorod. Their
analysis shown that the fourth order strain gradient model gives
approximate results over the second order strain gradient model
for dynamic analysis. The second order strain gradient model gives
a critical wave number at certain wave frequency, where the wave
speeds are zero.They also explained the dynamic response behavior
of nanorods based on both the strain gradient models. More re-
cently, Narendar [37], studied the terahertz wave dispersion char-
acteristics of nanorods based on the nonlocal elasticity
incorporating the lateral-inertia under the umbrella of continuum
mechanics theory. In that he shown that, the unstable second order
strain gradient model can be replaced by considering the inertia
gradient terms in the formulations. The effects of both the nonlocal
scale and the diameter of the nanorod on spectrum curves are high-
lighted in that work. Murmu and Adhikari [38], studied the longitu-
dinal vibration of a double-nanorod-system (DNRS) based on
nonlocal elasticity theory. Their study highlights that the nonlocal
effect considerably inﬂuences the axial vibration of DNRS.
To date, the nonlocal continuum theory of Eringen has been
exploited to study diverse problems of the nanotube structures,
including free ﬂexural vibration and wave propagation of nano-
tubes and graphene sheets [39–43], nanotubes conveying ﬂuid
[44–48], nanotube structures under a moving nanoparticle [49],
and buckling analysis of nanotubes [50–52].
In the present work, the wave dispersion characteristics of a
rotating nanotube modeled as SWCNT are studied using the spec-
tral analysis. The rotating SWCNT is modeled as a Euler–Bernoulli
beam. The governing partial differential equation for a uniform
rotating beam is derived incorporating the nonlocal scale effects
and the variable coefﬁcient for the centrifugal term is replaced
by the maximum centrifugal force. The rotating beam problem is
now transformed to a case of beam subjected to an axial force.
Even though this averaging seems to be a crude approximation,
one can use this as a powerful model in analyzing the wave disper-
sion characteristics of the rotating CNT.
The present paper is organized as follows. In Section 2, Eringen’s
nonlocal elasticity theory is explained and the governing partial dif-
ferential equation is derived for the rotating nanobeam. In Section 3,
the wave dispersion analysis in rotating nanobeams is performed
though spectral analysis. The expressions for the wave numbers
are also derived. Section 4 gives a discussion on the numerical re-
sults obtained from both the local and nonlocality cases. The paper
ends with some important observations and conclusions.
2. Mathematical formulations
2.1. A review on nonlocal elasticity theory of solids
This theory assumes that the stress state at a reference point x
in the body is regarded to be dependent not only on the strain stateat x but also on the strain states at all other points x0 of the body.
The most general form of the constitutive relation in the nonlocal
elasticity type representation involves an integral over the entire
region of interest. The integral contains a nonlocal kernel function,
which describes the relative inﬂuences of the strains at various
locations on the stress at a given location. The constitutive equa-
tions of linear, homogeneous, isotropic, non-local elastic solid with
body forces are given by [19,20]
rij;i þ qðfj  €ujÞ ¼ 0 ð1Þ
rijðxÞ ¼
Z
V
aðjx x0j; nÞrcijðx0ÞdVðx0Þ ð2Þ
rcij ¼ Cijklekl ð3Þ
eijðx0Þ ¼ 12
ouiðx0Þ
ox0j
þ oujðx
0Þ
ox0i
 !
ð4Þ
Eq. (1) is the equilibrium equation, where rij, q, fj and uj are the
stress tensor, mass density, body force density and displacement
vector at a reference point x in the body, respectively, at time t.
Eq. (3) is the classical constitutive relation where rcijðx0Þ is the clas-
sical stress tensor at any point x0 in the body, which is related to the
linear strain tensor ekl(x0) at the same point. Eq. (4) is the classical
strain–displacement relationship. The only difference between
Eqs. (1)–(4) and the corresponding equations of classical elasticity
is the introduction of Eq. (2), which relates the global (or nonlocal)
stress tensor rij to the classical stress tensor rcijðx0Þ using the mod-
ulus of nonlocalness. The modulus of nonlocalness or the nonlocal
modulus a(jx  xj,n) is the kernel of the integral Eq. (2) and contains
parameters which correspond to the nonlocalness [20]. A dimen-
sional analysis of Eq. (2) clearly shows that the nonlocal modulus
has dimensions of (length)3 and so it depends on a characteristic
length ratio a/‘ where a is an internal characteristic length (lattice
parameter, size of grain, granular distance, etc.) and ‘ is an external
characteristic length of the system (wavelength, crack length, size
or dimensions of sample, etc.). Therefore the nonlocal modulus
can be written in the following form:
a ¼ aðjx x0j; nÞ; n ¼ e0a
‘
ð5Þ
where e0 is a constant appropriate to the material and has to be
determined for each material independently [20].
Making certain assumptions [20], the integro-partial differen-
tial equations of nonlocal elasticity can be simpliﬁed to partial dif-
ferential equations. For example, Eq. (2) takes the following simple
form:
ð1 n2‘2r2ÞrijðxÞ ¼ rcijðxÞ ¼ CijkleklðxÞ ð6Þ
where Cijkl is the elastic modulus tensor of classical isotropic elastic-
ity and eij is the strain tensor, where r2 denotes the second order
spatial gradient applied on the stress tensor rij and n = e0a/‘.
A method of identifying the small scaling parameter e0 in the
nonlocal theory is not known yet. As deﬁned by Eringen [20], e0
is a constant appropriate to each material. Eringen proposed
e0 = 0.39 by the matching of the dispersion curves via nonlocal the-
ory for plane wave and Born–Karman model of lattice dynamics at
the end of the Brillouin zone (ka = p), where a is the distance be-
tween atoms and k is the wave number in the phonon analysis
[20]. On the other hand, Eringen proposed e0 = 0.31 in his study
[21] for Rayleigh surface wave via nonlocal continuum mechanics
and lattice dynamics.
2.2. Nonlocal governing equations of rotating nanotube
Nanotubes are central to new rotating devices such as minia-
ture motor. A rotating CNT can be represented as a cantilever beam
Fig. 2. (a) A schematic rotating carbon nanotube system with mathematical idealization to rotating nanobeam and (b) coordinate system and degree of freedom.
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rotation. The detailed coordinate system on this rotating beam
are shown in Fig. 2(b). Considering the elementary Euler–Bernoulli
theory of beams, the axial and transverse displacement ﬁelds of a
rotating beam can be represented
uðx; y; z; tÞ ¼ u0  z ow
ox
ð7Þ
wðx; y; z; tÞ ¼ wðx; tÞ ð8Þ
where w is transverse displacements of the point (x, 0) on the mid-
dle plane (i.e., z = 0) of the beam. The only nonzero strain of the Eu-
ler–Bernoulli beam theory, accounting for the von Kármán strain is
exx ¼ ouox ¼
ou0
ox
 z o
2w
ox2
ð9Þ
This is also called as bending strain (or curvature). The equations of
motion of the Euler–Bernoulli beam theory are given by
oQ
ox
¼ qA o
2u0
ot2
ð10Þ
o2M
ox2
þ o
ox
TðxÞ ow
ox
 
¼ qA o
2w
ot2
ð11Þ
where
Q ¼
Z
A
rxx dA; M ¼
Z
A
zrxx dA ð12Þ
and rxx is the axial stress on the yz-section in the direction of x, Q is
the axial force, M is the bending moment and T(x) is the axial force
due to centrifugal stiffening and is given as
TðxÞ ¼
Z L
x
qAX2xdx ð13Þ
where q is the mass density, A is the beam cross section area and X
is the rotation speed.
Using Eq. (6), we can express stress resultants of Euler–Ber-
noulli beam theory in terms of the strains in that theory. As op-
posed to the linear algebraic equations between the stress
resultants and strains in a local theory, the nonlocal constitutive
relations lead to differential relations involving the stress resul-
tants and the strains. In the following, we present these relations
for homogeneous isotropic beams. The nonlocal constitutive rela-
tions in Eq. (6) take the following special form for beams:
rxx  ðe0aÞ2 o
2rxx
ox2
¼ Eexx ð14Þ
where E is the Young’s modulus of the beam. Using Eqs. (12) and
(14), we haveQ  ðe0aÞ2 o
2Q
ox2
¼ EA ou
ox
ð15Þ
M  ðe0aÞ2 o
2M
ox2
¼ EIje ð16Þ
where I ¼ RA z2 dA is the moment of inertia of the beam cross section
and je ¼  o2wox2 is the curvature of the beam.
With the help of the nonlocal constitutive relations and the
equations of motion presented, the moment can be expressed in
terms of the generalized displacements as, by substituting Eq.
(16) into Eq. (11), we get
M ¼ EI o
2w
ox2
þ ðe0aÞ2 qA o
2w
ot2
 o
ox
TðxÞ ow
ox
 " #
ð17Þ
SubstitutingM from Eq. (17) into Eq. (11), we obtain the equation of
motion of rotating nonlocal Euler beams as
 EI o
4w
ox4
þ ðe0aÞ2 o
2
ox2
qA
o2w
ot2
 o
ox
TðxÞ ow
ox
 " #
þ o
ox
TðxÞ ow
ox
 
¼ qA o
2w
ot2
ð18Þ
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Fig. 4. Wave dispersion in rotating nanotube for various values of nonlocal scale s = 0, 0.1, 0.2, 0.3, 0.5. For the various nondimensional rotating speeds: (a) Xxstr ¼ 0, (b)
X
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¼ 10, (c) Xxstr ¼ 30, (d) Xxstr ¼ 50 and (e) Xxstr ¼ 100.
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imum force (at the root, i.e. at x = 0)
Tmax ¼
Z L
0
qAX2xdx ¼ qAX
2L2
2
ð19ÞThis allows us to represent the governing equation as a constant
coefﬁcient nonlocal partial differential equation. Finally, the non-
local governing differential equation for transverse displacement
(w(x, t)) of a rotating cantilever beam is derived as
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o4w
ox4
 Tmax o
2w
ox2
þ Tmaxðe0aÞ2 o
4w
ox4
þ qA o
2w
ot2
 qAðe0aÞ2 o
4w
ot2x2
¼ 0 ð20Þ0
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Fig. 5. Phase speed (thick lines) and group speed (thin lines) dispersion in rotating
nanotube for s ¼ e0aL ¼ 0 for different values of Xxstr .3. Wave dispersion analysis in nanotubes undergoing rotation
For analyzing the dispersion characteristics of waves in nano-
tubes, we assume that a harmonic type of wave solution for the
displacement ﬁeld w(x, t) and it can be expressed in complex form
[26,27] as
w x; tð Þ ¼
XN
n¼1
w^ x;xnð Þej kxxntð Þ ð21Þ
where w^ x;xnð Þ is the frequency domain amplitude of the ﬂexural
deformation of CNTs, k is the wave number and xn is the angular
frequency of the wave motion at nth sampling point, N is the num-
ber of amples and j ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. Eliminating the time variable from Eq.
(20) using the above spectral approximation of the displacement
gives,XN
n¼1
EI
o4w^ x;xnð Þ
ox4
 Tmax o
2w^ x;xnð Þ
ox2
þ Tmaxðe0aÞ2 o
4w^ x;xnð Þ
ox4
"
 qAx2 bw x;xnð Þ þ qAðe0aÞ2x2 o2w^ x;xnð Þox2
#
ejxnt ¼ 0 ð22Þ
The Eq. (22) must be satisﬁed for each n and hence can be written as
EI
d4w^
dx4
 Tmax d
2w^
dx2
þ Tmaxðe0aÞ2 d
4w^
dx4
 qAx2 bw
þ qAðe0aÞ2x2 d
2w^
dx2
¼ 0 ð23Þ
For the sake of simplicity in the analysis we express this equation in
a non-dimensional form. Now deﬁne new variables as
~x ¼ x
L
; ~w ¼ w^
L
;
dw^
dx
¼ d~w
d~x
; L
d2w^
dx2
¼ d
2 ~w
d~x2
; L2
d3w^
dx3
¼ d
3 ~w
d~x3
; L3
d4w^
dx4
¼ d
4 ~w
d~x4
; s ¼ e0a
L
ð24Þ
The non-dimensional form of the Eq. (23) is
EI
1
L3
d4 ~w
o~x4
 Tmax 1L
d2 ~w
o~x2
þ Tmaxðe0aÞ2 1
L3
d4 ~w
d~x4
 qAx2L~w
þ qAðe0aÞ2x2 1L
d2 ~w
d~x2
¼ 0 ð25Þ
Rearranging and deﬁning a new variable
xstr ¼ 1
L2
ﬃﬃﬃﬃﬃﬃ
EI
qA
s
ð26Þ
Eq. (25) changes to
1þ s2 1
2
X
xstr
 2" #d4 ~w
d~x4
 1
2
X
xstr
 2 d2 ~w
d~x2
þ s2 x
xstr
 2 d2 ~w
d~x2
 x
xstr
 2
~w ¼ 0 ð27Þ
Since the differential equation is a constant coefﬁcient one, it has
the solution of the form ~w ¼ fWejkx, on substituting this solution
in Eq. (27) we get (for fW–0),1þ s2 1
2
X
xstr
 2" #
k4 þ 1
2
X
xstr
 2
 s2 x
xstr
 2" #
k2
 x
xstr
 2
¼ 0 ð28Þ
where k is the wave number. This is the dispersion/characteristic
equation of the rotating uniform beams. One can solve for the wave
numbers as
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The wave numbers are mainly a function of the nonlocal scaling
parameter (e0a), rotational speed of the beam (X) and the wave cir-
cular frequency. The corresponding wave speeds, namely, Phase
speed Cp ¼ Real xk
	 
	 

and Group speed Cg ¼ Real oxok
	 
	 

, are obtained
from Eq. (29). A detail discussion on these parameters is presented
in the next section.
4. Numerical experiments, results and discussion
For Numerical Experiments, a nanobeam is assumed as (5,5)
SWCNT is considered and the diameter of the SWCNT is
d = 0.675 nm, length L = 10d, Young’s modulus E = 5.5 TPa, and
the density q = 2300 kg/m3.
The spectrum curves (i.e., non-dimensional wave number
(k  h), h is the thickness of the nanotube vs non-dimensional
wave frequency (x/xstr)) for the rotating SWCNT are shown in
Fig. 3 for different values of the non-dimensional rotational speed
X/xstr for s = e0a/L = 0 (i.e., local elasticity calculation). It can be
seen that for non-rotating CNT (i.e., X/xstr = 0), the non-dimen-
sional ﬂexural wave number shows a nonlinear variation with
wave frequency, i.e., the waves will change their shape as they
propagate. As the rotational speed of the CNT increases, the non-
dimensional wave numbers tends to become non-dispersive in
nature as shown in Fig. 3. It means that the waves will not change
their shape as they propagate in the medium. Also, the wave num-
ber shows an inverse dependence on rotation speed. For a non-
rotating CNT, the spectrum relation is dispersive in nature. But
for a rotating beam, at higher speeds, the above nonlinear relation
shifts to a linear nature due to the relatively negligible contribution
from the x term, especially for lower values of x. That is, the
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Fig. 6. Phase speed (thick lines) and group speed (thin lines) dispersion in rotating nanotube for for different values of Xxstr . Here (a)
X
xstr
¼ 0, (b) Xxstr ¼ 10, (c) Xxstr ¼ 30, (d)
X
xstr
¼ 50 and (e) Xxstr ¼ 100.
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xstr.Fig. 4 shows the spectrum curves for rotating and nonrotating
CNTs for various values of the nonlocal scaling parameter.
24 S. Narendar, S. Gopalakrishnan / Results in Physics 1 (2011) 17–25Fig. 4(a) shows that as we move from local elasticity to nonlocal
elasticity solution, the spectrum curve becomes linear at higher
values of the wave frequency. The wave numbers also increases
as the nonlocal scaling parameter increases. The matching of local
and nonlocal solution is limited only upto <0.2 THz frequency.
After this frequency, the difference between the wave numbers
predicted is very large. If the rotational speed of the CNT increases
from X/xstr = 0 to X/xstr = 10 (Fig. 4(b)), the spectrum curve is
slightly nonlinear as compared to nonrotating case. The wave
numbers obtained from local and nonlocal cases is same upto
0.45 THz frequency. The wave numbers are showing an increasing
tendency as the nonlocal parameter increases. If the rotational
speed of the CNT increases to very high values like X/xstr = 30,
50 and 100, the local and nonlocal calculations are almost similar
upto 1 THz, 1.6 THz and 2.5 THz frequencies, respectively (see
Figs. 4(c)–(e)). As the rotational speed of the CNT increases to very
high values, the nonlocal scaling parameter effect on the spectrum
curves is negligible. It means that if the CNT rotates at very high
speeds, the local elasticity and nonlocal elasticity calculations give
almost similar spectrum relations. It can also be observed that as
the rotational speed of the CNT increases, the wave numbers be-
come very small and the dispersive nature changes to non-disper-
sive nature (see Fig. 4).
The non-dimensional phase speed (Cp/C0) and non-dimensional
group speed (Cg/C0), where C0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
E=q
p
, dispersions of the rotating
CNT are shown in Fig. 5, obtained from the local elasticity calcula-
tions (i.e., s = 0). Thick lines represent the phase speed variation
and the thin lines show the group speed variation. It can be seen
that the phase speed of the rotating CNTs is higher than the group
speed. Because of the nonlinear relation of the wave number with
wave frequency, for non-rotating CNT, the phase and group speeds
also shows a nonlinear variation with frequency. As the rotational
speed of the CNT increase to higher values, both the speeds will
saturate to a constant velocity, because of the linear variation of
the wave number with wave frequency. The difference between
the phase and group speeds of the rotating CNTs is negligible at
higher rotational speeds as shown in Fig. 5, which is a characteris-
tic of any non-dispersive system. In the limiting case, we can say
that they become equal and become constant for all wave frequen-
cies. For a nonrotating beam, both phase and group speeds are dis-
persive and shows that the speeds approach inﬁnity for very high
frequencies. This unreasonable limit is due to the limitation of Eu-
ler–Bernoulli beam theory.
Fig. 6 shows the non-dimensional phase speed and non-dimen-
sional group speed variation with both the wave frequency and the
nonlocal scaling parameter for rotations and non-rotating CNTs.
Fig. 6(a) shows that, for non-rotating CNT, the phase and group
speeds will decrease as the nonlocal scaling parameter increases
because the wave numbers are increasing with increase in s (see
Fig. 4). Also, the difference between the phase and group speeds
dips at higher values of s. As the rotational speed of the CNT in-
creases, both phase and group speeds will also increase as shown
in Figs. 6(b)–(e). For small rotational speeds, and large values of
s, both speeds show a decrease in nature at smaller frequencies
and they become constant at higher wave frequencies. Such differ-
ence will also vanish at higher rotational speeds as shown in
Fig. 6(e). On the other hand, one more interesting feature of the
nonlocality is that, the difference between both the wave speeds
is considerable at smaller rotational speeds and s and also at the
higher rotational speeds and s and it can be clearly seen from
Fig. 6.
The present work illustrated here can be extended to study the
wave propagation analysis of rotating graphene sheets. This would
be helpful in understanding the wave dispersion characteristics of
future rotating nanomachines. One such nanomachine is the nano-
turbine. For efﬁcient designing of these nanomachines, properunderstanding of its mechanical behavior is required. The nanotur-
bine is characterized by a rotating blades modeled as a rotating
nanotube. Rotating nanocantilever rotates at an angular velocity
about the hub axis. The performances of these nanoturbines are ex-
tremely dependent on dynamic properties of their beam-like ele-
ments. In summary, this study would be useful in perspective to
simple mathematical modeling and understanding the scale effects
in rotating nanostructures.
5. Conclusions
In the present work, the wave dispersion characteristics of a
rotating nanotube (such as SWCNT) are studied using the spectral
analysis and nonlocal scale theory. The rotating nanotube is mod-
eled as a Euler–Bernoulli beam. The governing partial differential
equation for a uniform rotating beam is derived incorporating
the nonlocal scale effects and a powerful model is derived in ana-
lyzing the wave dispersion characteristics of the rotating nanotube.
Some of the beautiful features of the wave behavior in rotating
nanotubes are observed. It has been shown that the dispersive ﬂex-
ural wave tends to behave non-dispersively at very high rotation
speeds. Understanding the dynamic behavior of rotating nano-
structures is important for practical development of nanoma-
chines. At the nanoscale, the nonlocal effects often become more
prominent. Such observations are helpful in designing the nano-
motors and the other CNT based rotational nano-devices where
CNT acts as a basic element.
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